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ARTICLE NO. 78-1181

Nonlinear Hypersonic Viscous Crossflow Effects on
Slender Vehicle Dynamics

Lars E. Ericsson*
Lockheed Missiles and Space Co., Inc., Sunny vale, Calif.

The laminar boundary layer on the leeside of a slender cone shows a nonlinear high rate of growth prior to
separation. It is shown how the mathematical model for the effects on the unsteady aerodynamics is essentially
the same as that for the effects of the separation-induced free body vortices at higher angles of attack or of the
leading-edge vortices on delta wings. The developed analytic method, which accepts static data as an input,
predicts the large dynamic viscous crossflow effects observed in ballistic range tests of a 10-deg slender, sharp
cone.
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Nomenclature
= viscous parameter defined in Eq . ( 1 )
= reference length ,c = dB
- Chapman-Rubesin parameter
= body diameter
= parameters defined in Eqs. (4) and (5)
= sharp cone length
= frustum length
= Mach number
^pitching moment: coefficient Cm=M /(p^U2^
/2)Sc

= normal force: coefficient CN = N/(p 00U2
X/2)S

= static pressure: coefficient C p — ( p — p 0 0 ) /

a = upwash angle
0 = azimuth (Fig. 3)
X = viscous hypersonic similarity parameter, \ = M3

e

= Prandtl number
= body pitch rate
= body radius
= Reynolds number, Rex.—xUe/vc and Revoo =

= reference area, S = irc^ /4
= time
= temperature
= reference temperature
= axial velocity
= mean convection velocity
= axial distance from cone apex
= translatory coordinate
= angle of attack
= total angle of incidence
= trim angle of attack
= ratio of specific heats (7 = 1.4 for air)
= boundary-layer thickness
= boundary-layer displacement thickness
= increment
= dimensionless z coordinate, £=z/c
= body perturbation in pitch
= cone half angle
= kinematic viscosity
= dimensionless x coordinate, £ =x/c
= air density
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Subscripts
B = base
e.g. = center of gravity or oscillation center
D = for deformed body portion
e = boundary-layer edge
E = end of leeside "hump"
F = frustum
/ = inner layer
ie = inner layer edge
N — nose
R = reference value
t = total or stagnation value
v = viscous effect
w = wall
0 = value at a. = 0
oo = freestream value
Superscripts
i = induced, e.g., A'''CNv = change in normal force due

to leeside boundary layer ''hump"
O = indicates center of pressure, e.g., xvi = center of

pressure "hump" effect
Derivative Symbols
0 =dO/dt

Introduction

IT is well known that viscous interaction effects are im-
portant in hypersonic low-density flows. The problem is

for the dynamicist to determine from his theoretical and
experimental information what the true full-scale flight
dynamics will be. Figure 1 illustrates his dilemma. It shows
the experimental results compiled by Welsh et al.1 for a 10-
deg sharp cone. Also shown are the inviscid flow results from
Brong's theory.2 The large influence of Mach number is to be
expected as the viscous interaction effects increase strongly
with increasing Mach number. In Fig. 1 conventional wind
tunnel test results and ballistic range data indicate that the
viscous effect is slightly destabilizing statically. However, in
regard to the dynamic stability, the ballistic range data in-
dicate that the damping increases strongly with increasing
Mach number, whereas the wind tunnel results show the
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Fig. 1 Unsteady aerodynamic characteristics of
10-deg sharp cones.
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Fig. 2 Leeside velocity profiles on a 10-deg sharp cone.4

opposite trend, i.e., a strong reduction of the damping leading
to dynamic instability for high Mach numbers. The pertinent
information in regard to test conditions, center of gravity,
etc., for the test data in Fig. 1 is given in Ref. 3. It is discussed
elsewhere3 how the wind tunnel data can be distorted by
dynamic support interference effects. The aim of the present
analysis is to demonstrate that the dynamic stability data
presented by Welsh et al. l show the true viscid-inviscid in-
teration effects, and to develop computational means
whereby these dynamic effects can be predicted.

Discussion
The ballistic range data in Fig. 1 displaying the large in-

crease of damping with increasing Mach numbers are for
moderately large crossflow angles, a>2.5 deg, whereas the
rest of the data is for small crossflow angles, a<2 deg. It is
therefore indicated that the increased damping may be caused
by the dynamic effects of large viscous crossflow. Tracy4 has
investigated in great detail the viscous crossflow on a 10-deg
cone at M00=1.95. The leeside flow profile (Fig. 2) shows
how a low-velocity inner layer of thickness 6, lifts the shear
layer of thickness de high above the surface, as is illustrated in
Fig. 3. Figure 4 shows how the shear layer thickness de and the
total viscous layer thickness 5 = d,+de vary with the nor-
malized angle of attack, ct/6c.

The leeside boundary-layer "hump" (Fig. 3) caused by the
inner layer growth (<5,) will cause a significant pressure in-
crease. The data in Fig. 4 show the slope ddj/da to be one
order of magnitude larger than dde/da for angles of attack
a/0c>0.2. That is, even when the regular viscisd-inviscid
interaction effects at low angles of attack, <x/0c, are negligibly
small, this viscous effect at high crossflows can be large.

Figure 2 shows the inner layer to have a much fuller profile
than the laminar outer shear layer. Considering the crossflow-
induced increased mixing, this is not too surprising. The
present analysis will deal mainly with the characteristics of
this leeward side nonlinear "hump" generated by forward
crossflow effects. The linear local crossflow effects first
described by Moore5 and later extended to unsteady flow by
Orlik-Ruckemann6 will not be considered. They have a
negligible influence on the stability derivatives of a cone when
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LIFTED SHEAR LAYER-

PSEUDO-SEPARATED FLOW REGION^

Fig. 3 Conceptual
viscous crossflow on a
sharp cone.

2.5

Fig. 4 Measured shear layer thickness on the top meridian of a 10-
deg sharp cone.4

either the e.g. is close to 60% (of sharp cone length) or the
angle of attack is large. Thus, they cannot explain the trend of
the ballistic range data in Fig. 1.

Analysis
The boundary-layer growth on slender cones will be

analyzed first, and simple analytic approximations will then
be sought for the static and dynamic viscid-inviscid in-
teractions.

Boundary-Layer Growth
The boundary-layer displacement surface will increase the

inviscid flow deflection angle and cause a corresponding
pressure increase. The Mangier-transformed laminar
boundary-layer equations for a cone give7'10

6*
(la)

Pr = 0.725; B = 0.1445(y-l) + (p.9685 — -0.1035\/M2
e

* e ' '

= (y-l)(o. 1445 + 0.4843 — ) + (o.9685 — - 0.1035\ JM2

db)

— J
i e i

Pr=l; B = 0.166(y- 1) +0.S65— M2

= (7-7) (o.!66+0.4325—^ + 0.865— /M2 (Ic)

According to Ref. 1 1 , C* = 1 for T* < 200° R and

for reference temperatures in the range 200°F< T* < 1000°R,
where T*/Tt = (l+3Tw/Tt)/6..

It can be shown9 that the ratio 6/6* is simply

(2)

At hypersonic speeds, M2>1, B varies negligibly with
Mach number. Thus, B is constant for constant Tw/Te.
Equations (1) and (2) together define how the laminar
boundary-layer thickness changes due to changing ambient
conditions at the boundary-layer edge.

6g(cQ =l + [2/BM2(a)]M2(a)
&e(0) ~ l + [2/BM2(0)] M2(0) (3)

In addition to the change of boundary-layer thickness with
angle of attack described by Eq. (3) the thickness also changes
due to local viscous crossflow.5-6 However, for the lifted layer
on the leeward side (Figs. 3 and 4), these local viscous
crossflow effects are probably negligible. For the case a = 6c
the inviscid flow parameters on the top leeward meridian,
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</> = TT, are equal to the freestream values according to
Newtonian theory, which in Eq. (3) gives de (a)/MO) = 2.04
for a = 8c = 10 deg. This is in good agreement with the ex-
perimental result in Fig. 4, which is 6^/6(0) = e°-7 = 2.01. This
tends to confirm that the (local) crossflow effects on the outer
lifted layer are negligible.

Equation (1) represents the boundary-layer growth with x at
a constant angle of attack, as affected by the tangent cone
edge condition at that angle of attack. However, at angle of
attack the leeside boundary-layer growth is due largely to
mass addition through viscous crossflow. Using local
linearization, one can assume that for small perturbations the
local boundary-layer thickness will increase linearly with the
change of local angle of attack. Thus, the inner layer growth
is expressed as follows:

A6;=fc7Aa (4)

As in the case of local crossflow effects5 the thickness
change with angle of attack is proportional to the hypersonic
similarity parameter M^O^.. Thus, in a first approximation
one would assume that kI can be expressed as follows

kj = k0M006cd*R (5)

where d*R is a reference shear layer thickness at a certain
location used to obtain the local value of k0. Until more
information becomes available in regard to A:7, it will be
approximated by Eq. (5) assuming Tw - Te when determining
<5*r. k0 is a constant for constant azimuth (< />) but will vary
with angle of attack. However, in the locally linearized
representation of Eq. (5) k0 is assumed constant for small
perturbations (Aa/0c). According to the results of Ref. 12,

1.0 1.2

Fig. 5 Inner layer thickness as a function of angle of attack.

one would expect k0 to be relatively independent of Mach
number at hypersonic speeds.

&i/d0, extracted from Tracy's data4 in Fig. 4, is shown in
Fig. 5. The results show the expected nonlinear dependence on
a/0c of the inner layer thickness. The initial slope,
d ( d i / d 0 ) / 3 ( a / e c ) =2.5-0.7=1.8, shown by the dashed line
in Fig. 5, is according to Tracy4 in good agreement with the
local linear crossflow effect predicted by Moore.5 This local
crossflow effect is, however, decreasing with angle of attack
and is probably negligible at a/0c >0.5.

In order to determine how much of the increase in inner
layer displacement thickness between a/0c = 0 and 1.0 is
caused by mass addition to the leeside "hump," the k1 effect,
one needs to know the boundary conditions at the edge of the
inner layer. It was shown earlier that the lifted layer behaved
as if the inner layer had been the wall. Thus, in agreement
with the earlier assumption Tw = Te one obtains Tw — Tie = Te.
Thus,

Uie/Ue=Mie/Me (6)

The experimental results4 show Mie/Me»Q.2& for a/6c < 1.0.
It is shown in the Appendix of Ref. 13 how the experimental
data from the tests by Tracy4 and by Stetson et al.14 can be
used to define the following aerodynamic derivatives for the
leeside "hump" effect:

(7a)d(oL/Bc)

^lCNav

20,

LF
(7c)

Unsteady Aerodynamics
It has been shown in the previous sections that the pressure

increase due to crossflow effects on the "viscous hump" is
determined by A6*, as given by Eq. (4). The thickness A6*at
any location £ is the integral result of the mass addition to the
"hump" from all stations on the body upstream of £. This
gives a complete analogy to the vortex-induced pressure
changes on a delta wing.15 Consequently, the analytic method
developed in Ref. 15 can be applied here when formulating
the contribution of A'Cpy to the slender cone unsteady
aerodynamics.

It was demonstrated in Ref. 15 that the quasisteady
equivalent to a pitching body is a stationary deformed (bent)
body. A<5* at any downstream station is given by the integral
over the deformed body upstream of this station. That is, A<5*
at £ is determined as follows, using Eq. (4):

(8)

(9)

The angle of attack change due to body deformation is

dx

Thus, Eq. (8) gives simply

(10)

where AfD is the total translatory displacement (measured in
reference lengths, A£D = AzD/c) due to body deformation,
AfD = f(£)-f(0). That is, the incremental thickness A6* at
station £ is proportional to the translatory deflection relative
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to cone apex independently of how this total deflection is
composed (A6*is independent of the bending mode shape).

In the unsteady case the local effective perturbation angle
due to the deformation is

At station £ 7 , at time t,, the incremental slope is the result
of the total perturbation-induced contributions to the inner
layer thickness from each_station £ upstream of £ ; at the
earlier time / / -c(£-£ 7 ) / (7 , where Uis the mean convection
velocity in the inner layer. As in the steady case the in-
cremental slope is determined by the deflection relative to that
at the apex (at time t-c^/U) indpendently of the deflection
mode shape. Thus, the thickness increment at station £ can be
written

(12)

For rigid body oscillations in pitch (0) around e.g. at a = oi0,
one can write the deflection f as follows for small amplitudes
101

and Eq. (12) becomes

For the low reduced frequencies and moderate amplitudes
of interest, d> 2 ^ l and ( d > A 0 ) 2 < l , one can express 6(t-
c£/U) in form of a Taylor expansion

Qc = 5.6°

M
m

 = 14 ;

A0 < 2° ;

= 0,004 ; = 0.60

J = 0.005

O EXPERIMENT
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Fig. 6 Nonlinear viscous effects on sharp cone unsteady
aerodynamics.

Thus, Eq. (14) becomes

(15)

(16)

In the static case AfD in Eq. (10) is for the rigid body

The analysis in the Appendix of Ref. 13 gives

9 /dA'CA

ftfi \ df

(A5f)

(18a)

(18b)

That is, the induced force derivatives are proportional to the
corresponding rates of change of the viscous ' 'hump.''

Combining Eqs. (16) and (18) one obtains the following
simple formulation for the contribution of the "viscous
hump" to the damping in pitch

/d^CNv\= £/„ a /dA'CN x
\ d£ / *c-g> U 30 \ dj /

(19)

This leads to the following simple result for the con-
tributions to the stability derivatives

U
(20)

where A''Cmdv = A''C^av. Equation (20) reveals that the large
viscous crossflow will affect static and dynamic stability in
opposite ways.

In a hypersonic turbulent boundary layer the convection
velocity U varies from U/U=Q.6 near the wall to £//£/= 0.8
in the outer layer.16'17 For lack of a better estimate, it will be
assumed that the mean convection velocity in the inner
pseudoseparated flow region is represented by Uie/Uie=0.6.
Thus, the mean convection velocity Uie is obtained as
follows18:

up

l + [(y-l)/2]M2
e

(21a)

(21b)

Uie/Ue=Mie/Me according to Eq. (6) where Mie/Me = 0.28
for Tracy's test condition.4

McDevitt and Mellenthin19 in their test of a 10-deg cone at
M^ = 7.40 measured upwash angles a that gave the following
ratio between outer and inner layer flow conditions:
0.3«je/a/e<0.4. Considering that Uie/Ue<oe/oie one finds
this to be in basic agreement with the ratio 0.28 indicated
earlier for Tracy's test. Considering further that
Mie/Me**Q.28 for 0<cx/0c<1.0 regardless of the large
changes of shear layer thickness over this angle-of-attack
range (Fig. 2) one feels justified to assume that the flow
profiles are similar for hypersonic flow conditions. Con-
sequently, it will be assumed that Uie/Ue»Q.2% giving

Uie/Ue**0.17 (22)

The only dynamic test data known by the present author to
be detailed enough to illustrate the dynamic viscid-inviscid
interaction discussed in this paper are those obtained by



JUNE 1979 VISCOUS CROSSFLOW EFFECT ON SLENDER VEHICLE DYNAMICS 591

WITH
FAmiNG

0 1 2

Fig. 7 Sting support effects on base pressure.20

Walchner and Clay20 for the same 5.6-deg cone tested by
Stetson14 in the same test facility. The only difference is that
the Reynolds number in the dynamic test was 30% lower than
in the static test. Consequently A'Cpv(7r)/262

c from Stetson's
test 14 is increased by 15%.

With x£/£« 1.0 (flat base) and rN/rB = Q (sharp cone) Eq.
(7) gives the following moment derivative for *cg /7=0.60

#c = 5.6deg:

For slender cones Ue « (/«, and Eqs. (20-22) give

(24)

The result in Eq. (24) illustrates an important character of
this "viscous hump" effect, i.e., the effect on slender vehicle
dynamics is one order of magnitude larger than the effect on
static stability. In order to assess the relative importance of
these viscous contributions one needs to know the inviscid
flow stability derivatives. They can be obtained simply by the
methods of Ref..21.

For a sharp slender cone (with tan0c=0c) at o: = 0
Newtonian theory gives

Cm°' = ~T,\3~Jf (25a)

Using Eqs. (23-25) together with Stetson's data (increased
by 15%) gives the prediction shown in Fig. 6.f There is an
apparent a-zero shift between experimental data and
prediction. Figure 7 shows the asymmetric sting support
system used in the test.20 Without the sting-strut fairing, the
base pressure shows asymmetric support interference even for
the long sting, which gave the correct damping data at a = 0.
One notes in Fig. 7 that the base pressure at a = 0 is closely the
same as with the fairing on. Thus, it is to be expected that

tEquation (25) has been modified according to Ref. 21 to include
the weak nonlinear effect of a for the Newtonian prediction in Fig. 6.
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10 16

Fig. 8 Comparison between predicted and measured unsteady
aerodynamics of a 10-deg cone.

some sting interference effects are present in the
measurements at a>0 in Fig. 6. The sting-strut blockage will
obstruct the downwash from the cone at a > 0, thus causing an
a-zero shift and probably also changing the magnitude of the
measured stability derivatives.

The 10-deg cone tested in the ballistic range by Welsh et al. '
at Refoo = 0.4 x 10 6 has a \R value that is 32% higher than for
Tracy's test (at the same Mach number). Consequently, the
pressure generated by the viscous "hump" is 32% higher than
in Tracy's test. Neglecting the small amount of nose bluntness
present in the ballistic range test,t Eq. (7) gives (for
jcc g /f = 0.63 and Oc = 10 deg)

^0.0187

With Ue/Um * 1, Eqs. (20) and (22) give

^ C mtv=-10.7^ Cmav>-0.20

The result for 60% e.g. is

•]/•(£)<*0267

(26)

(27)

(28)

JWelsh et al. have in later tests found that the blunting during the
runs is negligible, i.e., dN/dB =0.032.
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According to the analysis in the Appendix of Ref. 13 for
0.2 < cn/Bc < 1.0 one should be able to use \R ~ Xoo giving the
following expression for extrapolation of Mach number
effects:

(29)

Combining Eqs. (26-29) one obtains the prediction shown
in Fig. 8. It is assumed that aeffeclive >0.25 Bc and the ex-
trapolation is made from the solid data point at MM =7.95.
The computed viscous effect was added in one case to the
inviscid theory at Brong, in the other case to the Newtonian
value, giving the spread in prediction indicted by the cross-
hatched region.

It can be seen that there is good agreement between
prediction and experiment of the dynamic but not for the
static stability derivative. The reason for this is not clear at the
present time. However, it should be noted that the static data
were transferred to 60°7o e.g. and that the deviation between
the inviscid theory and viscous experimental results is much
less in regard to static than in regard to dynamic stability.
This leaves more room for errors in evaluating the viscous
effect on the static stability derivative. The local crossflow
effects with the load center at 60% will be statically stabilizing
for e.g. aft of 60%. This is demonstrated by recent results
published by Adams et al.22 With e.g. at 67.7% the local
crossflow effects dominated in his case over the "hump"
effect. It was shown that these statically stabilizing local
crossflow effects had disappeared at a/0£. >0.5 in agreement
with present results for 0 = 140 deg (see Appendix of Ref. 13).
A more complete comparison with the results in Ref. 22 will
be made some time in the future when the methods of Ref. 23
have been extended to apply to the sharp cone.

To the best of the author's knowledge the experimental
dynamic results in Refs. 1 and 20 are the only ones available
for which the present analysis could be performed. In regard
to dynamic wind-tunnel experiments, one has the problem of
support interference and the difficulty of determining the
aerodynamic spring Cma with sufficient accuracy. Awaiting
the appearance of a new independent set of data against which
the present analysis can be tested the following can be said in
regard to its validity.

The present analysis gives a uniform mathematical
representation of the effects of nonlinear viscous crossflow on
slender vehicle dynamics. The mechanics of the boundary-
layer crossflow feeding to the leeside of a slender cone do not
change when the flow starts to separate. Furthermore, the
mechanics remain the same when the cross section is gradually
changed from circular via elliptic to that representative of a
slender delta wing. Such similarity has also been observed by
others.24'25 Finally, the mathematical relationship between
dynamic and static nonlinear viscous crossflow effects
remains the same throughout the speed region from in-
compressible to hypersonic Mach numbers. This is in
agreement with the general observation made by Wang26 in
regard to separated flow vortices. However, the static
aerodynamic characteristics induced by the nonlinear viscous
crossflow do themselves change greatly with geometry and
test environment. Further analysis using both numerical
results, of the type discussed in Ref. 22, and experimental
data, if possible more detailed than those used here,4'14

should lead to the formulation of a simple analytic theory
through which the nonlinear viscous crossflow effects of
unsteady aerodynamics can be predicted ("from scratch")
with sufficient accuracy for preliminary design.

Conclusions
The analysis of viscous crossflow effects on hypersonic

unsteady aerodynamics of slender cones has shown the

following:
1) The effect of large viscous crossflow can be significant

even when the viscid-inviscid interaction at small angles of
attack is negligibly small.

2) Large viscous crossflow affects static and dynamic
stability in opposite ways, e.g., decreasing static and in-
creasing dynamic stability of statically stable vehicles. The
crossflow effects increase with Mach number as M3

X for
constant Reynolds number (Rei>(X).

3) The developed analytic methods can predict the un-
steady aerodynamic characteristics of large viscous crossflow
if the static characteristics are known. Using static ex-
perimental characteristics gives predictions that are in good
agreement with experimental dynamic data.

4) The effects of large viscous crossflow on vehicle
dynamics of slender cones are in many aspects similar to the
effects of boundary-layer transition. Thus, the effect on
dynamic characteristics is one order of magnitude larger than
the effect on static characteristics.

The large viscous crossflow phenomenon discussed in the
present paper could have important impact on pitch-yaw-roll
coupling of slender re-entry vehicles, effects that will be
highly amplified for ablating vehicles. The pretransition
behavior observed in Earth re-entry may well be caused by the
effects of large viscous crossflow.
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